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for defensive strategies in electronic intelligence. Based on a received
signal containing pulses from an unknown number of emitters, this
article introduces an unsupervised methodology for deinterleaving
RADAR signals based on a combination of clustering algorithms and
optimal transport distances. The first step involves separating the
pulses with a clustering algorithm under the constraint that the pulses
of two different emitters cannot belong to the same cluster. Then,
as the emitters exhibit complex behavior and can be represented by
several clusters, we propose a hierarchical clustering algorithm based
on an optimal transport distance to merge these clusters. A variant
is also developed, capable of handling more complex signals. Finally,
the proposed methodology is evaluated on simulated data provided
through a realistic simulator. Results show that the proposed methods
are capable of deinterleaving complex RADAR signals.
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[. INTRODUCTION

Inapassive listening system [1],[2], [3], [4], [5], anelec-
tronic support measure system intercepts signals containing
interleaved time domain pulses from an unknown number of
emitters. Pulse description words (PDW) represent pulses
containing various parameters, also called features, such
as frequency, pulse width, angle of arrival, etc. Over the
years, many methods have been developed to deinterleave
a RADAR signal, i.e., to separate the pulses from different
emitters. At first, the systems were less sophisticated than
now; simple and easily separable characteristics represented
emitters as transmitted continuously on a single frequency
(little noise, few adverse countermeasures). Early work
from the 80 s mainly used frequency, direction of arrival, and
time of arrival (TOA) to deinterleave RADAR signals [3].
After filtering the frequency and the direction of arrival, the
TOA is used to find the pulse repetition interval (PRI). The
PRI corresponds to the difference in emission between two
successive pulses and is usually different between RADAR
emitters. This work has been a foundation for many authors
who have contributed to enriching RADAR literature. Most
of the following methods are based on the search of patterns
in the PRI, for example, by using the cumulative difference
histogram [6] or the sequential difference histogram [7].

Searching for the PRI pattern is straightforward for
simple RADAR emitters because they transmit continu-
ously with a single PRI. Nowadays, emitters transmit less
regularly and can have characteristics of agility such as
emitting on several frequencies with one or more PRIs.
Some methods have adapted to cope with these changes [8].
Deep learning models have been increasingly requested
to manage the sophistication and emission complexity of
emitters [9], [10], [11], [12], [13], [14], [15], [16], [17].
Deep Learning models require considerable data and are
difficult to parameterize. These methods are primarily built
in a supervised framework, and their results strongly depend
on the quality of the simulator used. Most of these methods
are based on processing the PRI data. When the signal is
poorly estimated, itis possible to have missing pulses, which
can lead to a poor reconstruction of the PRI and, therefore,
failure to regroup the pulses correctly. Indeed, due to the
complexity of the problem, supervised approaches, such as
deep learning techniques, generally failed to provide good
deinterleaving performance. However, methods based on
clustering pulse features are based on models too simple
to deal with the variety and complexity of RADAR sig-
nals [18], [19], [20]. Indeed, these methods cannot identify
RADAR emitters that emit on several different frequencies,
pulse width, etc.

To tackle more complex cases (e.g., agile emitters, noisy
signals, etc.), we propose two simple unsupervised methods
based on optimal transport distances to deinterleave a signal
without considering the PRI. The first method is based on
an algorithm presented at a conference [21] (see also [22]
for an application of optimal transport to RADAR emitter
classification), which now integrates cluster processing with
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a few pulses and a more efficient decision model to cut the
dendrogram during the hierarchical clustering. Then, we
propose a variant capable of handling emitters with simi-
lar characteristics at a low signal-to-noise ratio. Empirical
results are given to evaluate and compare the robustness
of the proposed methods under challenging cases (complex
emitters characteristics, noisy data, etc.). Note that, for such
problems in electronic warfare, data are often provided
by ministry of defence (MoD) services/companies in the
defense domain. To cope with such restrictions, this work
provides a data simulator that mimics real data.

The rest of this article is organized as follows. The real-
istic simulated dataset is presented in Section II. Section III
introduces the proposed methodology with the basic notion
of optimal transport, followed by an improved version of
this algorithm in Section IV. The simulation results are
provided in Section V. Finally, Section VI concludes this
article.

[I. DATA DESCRIPTION

This section introduces the structure of the data con-
sidered in this work. Due to the complexity of working
with real and labeled data (for defense security matters), the
proposed deinterleaving methods are tuned, parameterized,
and validated on simulated data. The complexity of the sim-
ulated data represents the main challenge in RADAR signal
deinterleaving. We have created a RADAR signal simulator
based on signal theory and telecommunication engineering.
The RADAR simulator assumes the receiver is static, has a
known detection threshold, and is omnidirectional, making
the direction of arrival unusable. Several characteristics (or
features) describe each emitter class as follows.

1) Pulses Parameters: Frequency, pulse width, level,
direction of arrival, and PRI pattern.

2) Technical Emitter Parameters: Transmitted power,
scan period, antenna directivity, and spatial distance
from the receptor.

As the received signal is noisy, the features are perturbed
by estimation errors. In addition, some low-energy pulses
may be lost or truncated.

There is a wide variety of emitters. Some may have
elementary parameters, such as emitting on a single fre-
quency, while others have sophisticated pulse character-
istics, e.g., agility in frequency, multiple pulse repetition
of intervals, etc., or with rarer appearance periods. From
these heterogeneous emitter profiles, an interleaved signal
is created. The simulator controls the number of emitters in
the signal and the desired number of pulses. A listening
system collects the data without information about the
environment. The diversity of the simulated signals results
in the acquisition of single- or multisensor labeled signals,
signals with frequency or time modulation, and signals
comprising measurement errors, outliers, missing data, or
non-Gaussian noise. The Doppler effect, fundamental in
classical RADAR processing, is neglected here, as the fre-
quency shifts corresponding to realistic target velocities are

1 Pulse; pulse, Puise;
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Fig. 1.

Example of three simulated pulses from an emitter.
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Fig. 2. Example of a simulated signal gathering 8917 pulses of three
emitters, identified by a color.

negligible compared to the difference between frequencies
used by different emitters. Another source of uncertainty in
the measurements, multipath propagation, manifests itself
by additional pulses, sharing the same frequency and dura-
tion as the original pulses, with decreased power and slightly
shifted in time. As the proposed methods are based on the
unaffected frequency and duration of the pulses, multipath
propagation will be neglected.

A short simulated signal is shown in Fig. 1, containing
three pulses. After the signal acquisition, the pulses are
segmented, analyzed, and described by features. In this
work, the nth acquired pulse is described using the following
four characteristics.

1) Frequency, F (f,).

2) Pulse width, PW (pw,,).
3) Level, G (gn).

4) Time of Arrival, TOA (t,).

An additional feature can be added: the difference of
TOA (DTOA) 6§, defined as the interval of time between
two successive pulses belonging to the same emitter (in the
case of a unique emitter, §, =t, — t,—1). As the emitters
are not separated at this stage, two successive pulses are
not guaranteed to be transmitted by the same emitter. As a
consequence, DTOA cannot be used before deinterleaving
the signal.

Other features (waveform, frequency modulation, etc.)
will not be considered here. Our approach considers only
the four abovementioned features because they are always
available and relatively well estimated. Fig. 2 shows a
simulated signal containing 8917 pulses of three different
emitters, each represented by a color (blue, green, and
orange). Each point represents a pulse. Frequency, level,
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Algorithm 1: Hierarchical Agglomerative Clustering
Using Optimal Transport Distances to Deinterleave
Emitter Pulses - HACOT.
Data: Set of pulses (X)
Features: Frequency (f,), Pulse width (pw,), Level
(gn), Time of arriva (t,)
Parameters: Minimum number of points to form a
cluster (minPts), Confidence level («),
Statistical test (test), Nonparametric
method (method), Threshold (1))

Procedure:

1) Pulses separation: apply HDBSCAN for all x; of
X from f, and pw,, according to minPts: C (Set of
clusters)

2) Cluster aggregation: apply hierarchical
agglomerative clustering based on optimal
transport distances presented in Algorithm 2
considering «, test, method, and A for all ¢; of C
from ¢, and g,: Y (Set of aggregated clusters)

Result: Y, Deinterleaved sets of pulses.

and pulse width are plotted in function of time in panels
Fig. 2(a)—(c), respectively. In addition, in Fig. 2(d), pulses
are represented in the (f;,, pw,,) plane. These representations
highlight several challenging characteristics of RADAR
signals as follows.

1) Several emitters can be active at the same time.

2) Emitters can transmit continuously and regularly
on different frequencies, as shown by emitter 1 in
the (f;, t,) plane, which transmits on four different
frequencies or emitter 2 on three frequencies.

3) Pulse widths can be severely misestimated, as low-
power pulses can be split during the segmentation
stage, spreading the pulses over 360 ns.

4) In general, estimated features are noisy.

In particular, several clusters in the (f,, pw,) plane can
represent a given emitter, necessitating appropriate pro-
cessing to regroup these clusters specifically for clustering-
based methods in this plane. Our proposal introduces meth-
ods based on optimal transport distances capable of captur-
ing and managing this phenomenon.

[ll. HIERARCHICAL AGGLOMERATIVE CLUSTERING
COMBINED  WITH  OPTIMAL  TRANSPORT
DISTANCES

As pointed out in the previous section, one of the chal-
lenges in deinterleaving is the dispersion through several
groups of pulses from an emitter in the (f,, pw,) plane.
To overcome this problem, an extension of a two-step
strategy proposed by the authors in [21] is introduced and
highlighted in Algorithm 1. First, a clustering algorithm sep-
arates the pulses in the (f,,, pw,,) plane. Then, a hierarchical
agglomerative clustering algorithm combined with optimal
transport distances groups these clusters as an emitter can
be represented by several clusters.

A. Pulses Separation With HDBSCAN in 2 Dimensions

The first step of the method is to apply a clustering
algorithm to separate the pulses only from two highly
discriminating and reliable characteristics: 1) frequency and
2) pulse width. It is important to note that not merging two
different emitters in the same cluster is crucial. Thus, the
proposed approach will overestimate the number of clusters
at this step. Several algorithms were tested to determine
the most suitable for the method, such as K-MEANS [23],
hierarchical agglomerative clustering (HAC) [24], Gaussian
mixture models (GMM) [25], Bayesian Gaussian mixtures
models [26], or density-based algorithms (DBSCAN [27],
OPTICS [28], HDBSCAN [29]). K-MEANS and GMM
require assumptions about the number of clusters to be iden-
tified. Conventional methods, such as the Elbow method,
unsupervised metrics, or data projection can set this number.
These methods are effective in handling uncomplicated
signals and emitters with simple characteristics. However,
deinterleaving algorithms are designed for electronic war-
fare and unsupervised frameworks, where emitters often
have complex and similar characteristics, thus rendering
these methods unsuitable. Manually fixing the number of
clusters for detection is unfeasible because each signal
differs.

We propose to use the hierarchical density-based spa-
tial clustering of applications with noise algorithm (HDB-
SCAN) [29], an unsupervised clustering algorithm based on
a hierarchical version of the density-based spatial clustering
of applications with noise (DBSCAN) [27]. The choice of
the unsupervised HDBSCAN algorithm is motivated by its
capacity to identify clusters with different densities and
shapes, the few parameters to optimize, its ability to detect
the clusters without setting the number of clusters to be
detected beforehand, and its capacity to clean the signal by
detecting outliers.

The main idea is to group points that live in the
same dense area from a vector X = {(fi, pw;), (f2, pW,),
..., (fn, pwy)} grouping frequency and pulsewidth pulses
from a signal of N pulses. Clustering results strongly depend
on the hyperparameter determining the minimum size of a
group that can be considered a cluster. HDBSCAN has been
configured to overestimate the number of clusters returned
so as not to mix the pulses of several emitters in the same
cluster. Comparisons were made to find a tradeoff to fix
this threshold. HDBSCAN is applied to normalized data
using the quantile method in the (f,, pw,) plane because it
preserves the data distribution as well as possible.

The results of the clustering performed by HDBSCAN
in the (f,, pw,,) plane are shown for the simulated dataset
presented in Section II in Fig. 3. The algorithm identifies
11 clusters and a class of outliers (—1) with heterogeneous
sizes ranging from 86 to more than 1500 pulses. The
(fu, pw,,) plane shows the plane where the clustering was
performed and that the clustering results are consistent; the
black boxes highlight the present emitters. The pulses from
emitter O transmitting around 958 MHz have been correctly
grouped into a single cluster. Conversely, HDBSCAN splits
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Fig. 3. HDBSCAN outputs obtained from frequency and pulse width.
The algorithm identifies 11 clusters and an outliers class (—1), and the
boxes highlight the pulses of the three emitters.

the emitter pulses above 981 MHz and below 951 MHz into
several clusters. Indeed, both emitters transmit on several
frequencies. In addition, low-power pulses of the lower
frequency emitter are split at the segmentation stage, adding
short pulse widths in the data.

The (gn, t,) plane on the left highlights the distribution
of these clusters along the lobes.

B. Cluster Fusion With Hierarchical Agglomerative
Clustering Using Optimal Transport Distances

As shown in Fig. 3, an emitter can be split over sev-
eral clusters. Therefore, the second step of the method
is designed to group these clusters according to shared
characteristics. In particular, we assume that the clusters
of a given emitter are simultaneously active, as illustrated
in Fig. 3, where the pulses of an emitter are distributed
over the lobes. From the HDBSCAN clusters, hierarchical
agglomerative clustering was performed [30] using the op-
timal transport distances [31], [32] from TOA and level, as
illustrated in Algorithm 2. The rest of the article will show
that optimal transport distances are particularly well suited
to our problem.

To define optimal transport distances between clusters,
each cluster is represented by a probability measure describ-
ing its distribution from TOA weighted by level

P
1
T= Z;gpa,p (1)

with P, the number of pulses in the cluster and Z =
Z?:l &p» the total energy in the cluster. In order to decrease
the computational complexity of the method and avoid nu-
merical problems, the probability measures used in practice
are obtained from data histograms. The range of TOAs is
partitioned in B intervals [b;_1, b;). The measure 7 in (1) is
replaced by

B
7= 2, @)
i=1

where ¢; = %(b,-_l + b;), and g; is the energy of the pulses
in the interval, normalized so that Z?zl gi=1

The number of the bins is fixed according to the
Freedman—Diaconis rule [33]: B = ZIQJ% with N the sig-
nal size and IQ the interquartile range of the signal. This

Algorithm 2: Cluster Aggregation With Hierarchical
Agglomerative Clustering Based on Optimal Trans-
port Distances.
Data: Set of clusters (C)
Features: Level (g,), Time of arrival (,,)
Parameters: Threshold (), Nonparametric method
(method), Confidence level («),
Statistical test (test)

Procedure:

1) Cluster significance analysis: separation of
clusters according to A: D = {¢; € C | |¢;| > A}
andE =C\D

2) Determination of a hierarchical structure
aggregating the clusters using optimal transport
distances from D: structure
While /en(D) # 1 do

— For all d; of D, representation by a measure
from ¢, weighted by g,,: 7;

— Computation of the distance for all d; of D
using the optimal transport: d(t;, ;)

— Aggregation of the two closest clusters:

@ Jr
— Updating D
end

3) Dendrogram pruning according to the decisional
model presented in Algorithm 3 considering
method and test: set of aggregated clusters, F'

4) Dealing with excluded clusters E:

e Estimation of the probability density for all f;
in F' from ¢, using method
e Association of all e; of E to F by maximum
likelihood estimation
Output: F, aggregated clusters.

method is less sensitive to outliers because it is based on the
width of the IQ range, which is less influenced by outliers
than the mean and standard deviation. In addition, it better
adapts to nonnormal or skewed distributions by considering
the real dispersion of the signal. This method adjusts for
the sample size, avoiding over or under-determination of
the number of bins (other methods could be considered).
Finally, the bin values are defined uniformly concerning
the TOA values of the signal.

We now recall the definition of optimal transport dis-
tances, or Wasserstein-Kantorovitch distances, in the par-
ticular case of discrete probability measures. Let us consider
two discrete probability distributions

N M
V= a8, andu =Y byd,
n=1 m=1

with a = (ay, ...ay)" € RY, such that Z;V:I a, =1, and
b= (bi,...by)" € RY, suchthat 32 b, = 1.

A transport plan P between v and u is defined by its
coefficients P,,, representing the amount of mass taken
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Fig. 4. Example of three simulated TOAs distribution. Source and
target 1 belong to the same emitter and are characterized by a low
transport cost. Conversely, source and target 2 come from two different
emitters, implying a high transportation cost due to the difference in
transmission times.

from x, to y,. Consider the cost function c(-, -). In this
work, we use the L,-norm: c(x, y) = ||x — y||>.

Cum = c(x,, y) represents the cost of transporting a unit
of mass from x, to y,, and the total cost C(P) of a transport
plan is

N M
CP) =" CunPum. 3)

n=1 m=1

The consistency of the transport plan P with v and p is
guaranteed by P1,; = a, PT1y = b. The optimal transport
plan P* is defined as the minimizer of (3) under the following
constraints:

P* = argminp gy-uC(P) subject to P1y =a, P 1y = b.

“)
The optimal transport distance between v and w is then
defined by d(v, u) = C(P*). Fig. 4 displays an example
of applying optimal transport to define a distance between
three simulated TOA distributions. Source and Target 1
belong to the same emitter and are active simultaneously,
requiring very few moves to make them match, so low
transport costs characterize them. Conversely, Source and
Target 2 come from two different emitters, implying a high
transportation cost due to the difference in transmission
times.

In this particular case of univariate distributions, the
distance can be computed using the cumulative distribution
functions or quantile functions of the distributions. Note that
the formulation (4) is more general, as it can be extended to
multivariate distributions and can be modified to deal with
unbalanced distributions [34].

The optimal transport distance is used in an agglomera-
tive clustering algorithm; the two clusters with the smallest
optimal transport distance are aggregated

(i*, j*) = argmind (7;, 7;) - (5)

After merging, the distances between merged clusters
and other clusters are updated. Then, the process is repeated
until the clusters are fully aggregated. To obtain accurate
estimates of the distance between clusters, each cluster
must have sufficient pulses, as a probability distribution
represents them. This threshold was set to 100, considering

Fig. 5. Dendrogram representing the aggregations of hierarchical
agglomerative clustering combined with optimal transport distances. The
p-values of the Kolmogorov—Smirnov test from #, evaluating the
aggregated groups are displayed at each aggregation, while each color
identified the final group.

Confidence threshold = 0.0104

3 3 a
Hierarchical agglomeratif clustering iteration

Fig. 6. p-values sorted according to the Kolmogorov—Smirnov test, and
the orange line highlights the estimated confidence level.

the results we have seen on several signals. Clusters having
fewer pulses than this threshold are excluded from the
hierarchical approach but will be processed separately using
an alternative approach afterward. Here, cluster 8, with 86
pulses, is set aside.

Fig. 5 represents the aggregation at each step of the
hierarchical agglomerative clustering combined with the
optimal transport distances, with heights of the edges rep-
resenting the optimal transport distances calculated at each
aggregation. The final clustering is obtained by stopping the
fusion of clusters at appropriate stages. Indeed, prematurely
stopping the fusions may result in separating several emit-
ters’ pulses into multiple groups, and late fusion results in
grouping pulses of different emitters in a single cluster.

This final clustering is obtained by considering each
fusion by increasing distance and deciding if this fusion
should actually be performed by testing if the involved
TOAs are likely to be sampled from the same TOA proba-
bility distribution. If the fusion is not performed, the later
fusions involving these clusters are not considered. We
propose to use the Kolmogorov—Smirnov test [35] to decide
if a fusion is to be performed. For each fusion, the p-value of
the hypothesis that the two clusters have been drawn from
the same distribution is computed. Fusions with a p-value
higher than a confidence threshold are performed.

This threshold is estimated by sorting the p-values in
increasing order and identifying a breakpoint. The p-values
for the test case considered here are plotted in Fig. 6, and
the threshold is fixed at o, = 0.0104, indicated by the
horizontal line.

MOTTIER ET AL.: DEINTERLEAVING RADAR EMITTERS WITH OPTIMAL TRANSPORT DISTANCES 5

321

322

324

325

326

327

334

335

336

337

339

340

342

343

344

345

347

348

349

350



00taes00-mottier-3367287

351

352

353

354

355

356

357

358

359

360

361

362

363

364

365

366

367

368

370

371

372

373

ieeejats-itae.cls ~ March 9, 2024 12:21

Aggregated clusters with small clusters
1 0 o1 .3

928

Level (dBm)

1]

Fig. 7. Aggregated cluster obtained following the dendrogram from the
hierarchical agglomerative clustering using optimal transport distances.
Each color identified an aggregated cluster with an outliers class (—1).
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Algorithm 3: Improved Decisional Model for Pruning
the Dendrogram Based on Statistical Test.

Data: Set of clusters (D), Hierarchical structure (structure)
Features: Time of arrival (¢,,)
Parameters: Statistical test (test), Confidence level («)

Initialisation: Create a list with all aggregations labels from
structure and an empty list: N and L

Procedure:

while len(N) # 0 do

Selection of the first two aggregated clusters according to
structure: {i,j} in N

Representation by a measure from ¢,,: 0; and 6;
Computation of test between ¢; and 0; and get p-value

if p-value < o then

| Remove all aggregations from N using these clusters
else

| Add {i,j} in L and del {i,j} from N
end

end
Aggregate [; in L according structure: F'

Output: F: Set of aggregated clusters

Given the dendrogram in Fig. 5, Clusters 7 and 9 are
first evaluated and are represented by a measure describing
their distributions, as in (1). The associated p-value is 0.57,
which is higher than the threshold, meaning clusters 7
and 9 belong to the same emitter and are aggregated. The
process is repeated until the top of the tree is reached, or
a nonsignificant p-value is returned. The p-value between
clusters O and 5, 6, 10, 7, and 9 is 0, which means the clusters
should not belong to the same emitter. The process stops,
and the next iteration is evaluated. The decisional model
identifies three aggregated groups.

Compared to the method proposed in [21], where fu-
sions were stopped at a given transport optimal distance,
obtained by considering three unsupervised metrics, the
fusions are here analyzed locally. This allows us to handle
more complicated cases, e.g., with heterogeneous emitters,
where a fusion should be performed, even if the associated
optimal transport distance is higher than a fusion for which
fusion was not performed.

Finally, Fig. 7 shows the result of cluster agglomeration.
The emitter pulses around 958 MHz and above 981 MHz
have been perfectly grouped into two sets of pulses. Con-
versely, the lower frequency emitter is still split into two

clusters, as one of the clusters has been excluded from the
processing.

C. Dealing With Excluded Clusters

As previously mentioned, cluster 3 was set aside from
the analysis due to its insufficient number of pulses. Clusters
excluded from hierarchical clustering are now associated
with an extensive cluster obtained after the grouping phase.
The process is done in two steps as follows.

1) Estimation of the probability density of TOA of
the extensive clusters using a kernel density estima-
tor [36], [37] with Gaussian kernel.

2) Association of an excluded cluster to an extensive
cluster by maximum likelihood estimation.

We used a nonparametric model to estimate the dis-
tribution parameters and their density function. Among
these methods, the most commonly used are that of
histograms [37], [38], K-nearest neighbors [39], [40],
kernel-density estimation (KDE) [41], or NEURAL NET-
WORKS [42]. We chose to use the KDE because it allows
us to build a density from each point and, therefore, to better
consider the distribution’s behavior. For a sample of points
(x0, X1, - .., xy) belonging to a cluster distribution f, the
kernel density estimator is written as

N 1 N X — Xy
f(x)=m;1<< p ) (6)

with N the number of pulses, K the kernel, and / the smooth-
ing parameter (bandwidth). The KDE mainly depends on
two parameters: 1) the choice of the kernel and 2) the
bandwidth. For a Gaussian kernel, by assuming the TOA
can be represented by a Gaussian distribution, the optimal
bandwidth can be obtained from the Scott method’s [43]

and is given by
( 4 >1/5
h=|— 6
3n

~ 1.066n"/° (7)

with 6 the standard deviation of the cluster. As the distri-
bution of the TOA for a given emitter is multimodal, we
assume that the distribution of the TOA is a mixture of
Gaussian densities. Temporal clustering with HDBSCAN
for each extensive cluster is applied to identify each ap-
pearance and estimate the variance of each subcluster. The
parameter 6 in the bandwidth estimation is then obtained
by averaging the variance of each subcluster. Finally, for
a given excluded cluster, the likelihood of belonging to an
extensive cluster i is given by

N
L =[] %) ®)
i=1

with ¢, the TOA. The excluded cluster is assigned to the
extensive cluster, maximizing the likelihood

i* = argmax[;. )
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Fig. 8. Final grouping after applied hierarchical agglomerative
clustering combined with optimal transport distances and kernel density
estimation on excluded clusters. Each color identified a set of pulses with
an outliers class (—1).

With the likelihood of the considered cluster belonging
to the extensive cluster i. Cluster 3 will finally be associated
with Cluster 2.

Finally, Fig. 8 displays the result of cluster agglom-
eration. The general hierarchical agglomerative clustering
combined with the optimal transport distances and the ex-
cluded clusters processing correctly separates the pulses in
the signal, groups them into three sets of pulses, and can
handle clusters with few pulses. The outlier rate indicates
that 4.5% of the pulses are lost during the deinterleaving
process; HDBSCAN excluded these pulses in step 1.

D. Computational Complexity

The computational complexity of the first method can be
estimated in function of the number N of pulses, the number
of clusters C identified by HDBSCAN, and the number of
bins B. The complexity of the first stage, dominated by
HDBSCAN, is O(N?) [44]. In the second stage, C* distances
are computed at the beginning of the hierarchical clustering,
each costing O(B) using the formulation of the Wasserstein
distance as a distance between quantile functions. The
number of updated distances during the clustering is also in
o(C?).

The actual clustering, with complexity in O(C?), can
be neglected under the reasonable assumption that the
number of bins B is larger than the number of clusters.
The C — 1 Komolgorov—Smirnov tests and the treatment of
the excluded clusters are negligible compared to the initial
distance computation.

The total complexity of the algorithm is thus O(N? +
C?B). This complexity can be rewritten in functions of
parameters related to the characteristics of the emitters.
With T the length of the signal, K the number of emitters, R
the mean rate of impulses, C the mean number of clusters per
emitter (i.e., an evaluation of the complexity of the emitter),
the complexity is O(K*(T?R? 4 C*B)).

IV. IMPROVED HIERARCHICAL AGGLOMERATIVE
CLUSTERING COMBINED WITH OPTIMAL
TRANSPORT DISTANCES

In some cases, pulses associated with two different
emitters can be grouped in the same cluster by HDBSCAN.
This confusion can be caused by the emitters having similar
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Fig. 9. Example of a simulated signal gathering the pulses of three
emitters identified by a color.

Algorithm 4: Improved Hierarchical Agglomerative
Clustering Using Optimal Transport Distances to
Deinterleave Emitter Pulses - IHACOT.
Data: Set of pulses (X)
Features: Frequency (f,), Pulse width (pw,), Level
(g,), Time of arrival (z,)
Parameters: Minimum number of points to form a
cluster (minPts), Confidence level («),
Statistical test (fest), Nonparametric
method (method), Threshold (1),
distance (distance)
Procedure:

1) Pulses separation: apply HDBSCAN for all x;
of X from t,, f,, and pw,, according to minPts:
C (Set of clusters)

2) Pre-clusters aggregation: hierarchical
agglomerative clustering based on distance
for all ¢; of C from ]Tn and pw,: P (Set of
preaggregated clusters)

3) Cluster aggregation: apply hierarchical
agglomerative clustering based on optimal
transport distances presented in Algorithm 2
considering «, test, method and A for all p;
of P from ¢, and g,: Y (Set of aggregated
clusters)

Result: Y, Deinterleaving sets of pulses.

characteristics and inaccurate estimation of the parameters
of the pulses. This section proposes a variant of the method
to alleviate this issue. Detailed in Algorithm 4, it differs
from the previous method by adding the TOA in the first
clustering steps.

Fig. 9 shows an example of a simulated signal gath-
ering pulses from three emitters. In the (f,, #,) plane, the
first emitter is easily identifiable and characterized by low
frequencies (around 800 MHz). In comparison, the pulses of
the two other emitters share the same frequency bands apart
from 900 MHz. The pulse width spread and the simultaneity
of emission of the two emitters emitting above 900 MHz,
presented, respectively, in the (pw,,, t,) and (g,, 7,) planes,
are not sufficient to differentiate them. The spreading of the
pulses is caused by the presence of noise in the signal; this
result is confirmed by looking at the pulses spread in the
(f», pw,,) plane with the pulses overlapping, leading to an
inseparability of these two emitters.

MOTTIER ET AL.: DEINTERLEAVING RADAR EMITTERS WITH OPTIMAL TRANSPORT DISTANCES 7
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identified by colors.

A. Grouping of Pulses With the Same Characteristics in
the (t,, F,, pw,) Plane With HDBSCAN

A 3-D vector X = {(t1, fi,pW;), (2, /o, PW3), .- -,
(tn, fn, pWy)} grouping TOA, frequency, and pulsewidth
pulses from a signal of N pulses is passed as input in
HDBSCAN to be clustered.

Incorporating the last feature in the clustering improves
emitters’ pulse discrimination, as shown in Fig. 10. The
clustering results obtained in two dimensions from the
(f»» pw,,) plane are displayed on the left plot; HDBSCAN
identifies five clusters with an outliers class. The 2-D
clustering mixed the pulses of the two emitters at 1000
and 1060 MHz. Conversely, adding the third dimension
improves the separation, as highlighted by the right plot;
the algorithm identifies 42 clusters with a class of outliers

(—=1).

B. Estimation of Frequencies and Pulse Width Means
From Previous Clusters

The clusters obtained in three dimensions by HDB-
SCAN displayed on the left graph of Fig. 11 are over-
lapped. We compute the previous clusters’ frequency and
pulse width averages to obtain a new representation of
each cluster in the (fmean, PWmean) Plane, as highlighted
in the right plot. Each dot represents the clusters’ fre-
quency and pulse width averages. This new representation
improves cluster separation and avoids overlapping cluster
pulses.

:Ngﬂsg‘"ausgﬂﬁﬁﬁ:”1:353:%%:%:2#%
Fig. 12. Dendrogram representing the aggregations of hierarchical
agglomerative clustering. The p-values of the Kolmogorov—Smirnov test
from f, evaluating the aggregated groups are displayed at each

aggregation, while each color represents the aggregated cluster.

Aggregated clusters.
e GoupA o GroupB e GroupC e GroupD  ® GroupE  ® GroupF o GroupG

2

no{ ™ " [od " L L “ J J
3 WY esm B e o™ e | J J ‘
S| s 20t e aem  eer e | £
> ot - B -y e e I
§gou H
‘el HHHHHN G H W H
£ a0
HHHHRHCIHHHYHHS
oo 02 04 s 10 0o 02 08 Lo

06 0.4 06
Time of Arrival (s) 1e7 Time of Arrival (us) 1e7

. wg g Wi

04 06 ) 10 750 800 850 900 950 1000 1050 1100
Time of Arrival (us) 1e7 Frequency (MHz)

Level (dBm)
Lod b L
3 8 8 &8 8

o E:

Pulse width (ns)

0.0 02

Fig. 13. Aggregated cluster obtained following the dendrogram from
hierarchical agglomerative clustering represented by a color.

C. Grouping Clusters With the Same Characteristics
From Frequency.

At this step, each cluster is represented by a fre-
quency and pulse width averages: (fmean» PWean)- From
this new representation, a classical hierarchical agglom-
erative clustering using Euclidean distances is applied to
group clusters with the same characteristics. As previously,
Algorithm 3 is applied, and fusions are stopped using the
Kolmogorov—Smirnov test, checking that the frequency
and pulse widths of the clusters follow the same distri-
bution. Alternatively, the Student test [45] can also be
used.

The dendrogram in Fig. 12 displays the groupings made
from the pulses’ characteristics by applying Algorithm 3,
where the branches’ heights are the optimal transport dis-
tance adjusted to improve the dendrogram. Here, the ag-
gregated groups obtained using the Student test coincide
with those obtained with the Kolmogorov—Smirnov test.
The decision model identified seven aggregated clusters,
and the results are presented in Fig. 13.

D. Clusters Agglomeration With Similar Temporal
Characteristics With Optimal Transport Distances

The last step of this algorithm is similar to the previous
method, based on hierarchical clustering with optimal trans-
port distances. Fig. 14 shows the final three sets of pulses
that our method identified and a class of outliers (—1). The
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TABLE I
Simulated Emitters Characteristics oano L — w - . -
Emitter | Frequency (MHz) | Pulse width (ns) PRI (us)
1025, 1050, L
0 1075, 1100 15.3 70, 110 i
85, 86, 87, 88, £
89, 9, 91, 92, L
! 825, 884 152 93, 94, 104, 106, i @ @ @ ®
108, 11 Pulse Repetition Interval Value (jis)
95, 96, 97, . . .
2 860 153 98, 99, 100. Fig. 16. Results of Mardia and PRI transform algorithms to
Sid 214 1e-3 755 deinterleave the signal of the Fig. 16 from the PRI.

methodology could separate and regroup emitters’ pulses
with similar characteristics in the presence of noise; HDB-
SCAN excluded about 9% of pulses.

E. Computational Complexity

The complexity of this second method is the sum of
the complexity of HDBSCAN, the precluster aggregation,
and the cluster aggregation. The complexity of HDBSCAN
and the cluster aggregation is identical to the first method,
with C now being the number of preaggregation clus-
ters. The precluster aggregation is a simple hierarchical
clustering, with complexity O(P*), with P the number of
clusters identified by HDBSCAN. P can be estimated by
P = CTS, where S is the average number of sweep by sec-
ond. Compared to the previous algorithm, the complexity is
augmented by O(C3T3S?), or O(C3K3T3S3).

V. RESULTS

The two proposed methods are tested on a simulated sig-
nal with three emitters, with characteristics given in Table I.
An example with 10044 pulses is shown in Fig. 15. The
characteristics of the emitters, with multiple frequencies,
similar pulse widths, and PRIs, are chosen to highlight
the robustness of the methods concerning adverse cases.
The methods’ performance is assessed using the adjusted
rand index (ARI) [46]. As the emitters can emit on several
frequencies with various pulse widths, methods based on
clustering on these features will fail to group all pulses of a
given emitter.

A. Comparison With PRI-Based Methods

Two approaches were selected to be compared to the
two deinterleaving methods developed. One conventional
method, based on the analysis of PRI histograms [6] and
another, more recent, based on the PRI transform [47], have
been selected. Methods based on deep learning models have
been deliberately set aside as they require a lot of data for
the training step and perform inadequately with few data,
while the proposed method is unsupervised. The outputs of
these methods, shown in Fig. 16, cannot be used to estimate
the number of emitters and separate their pulses. Indeed,
the complex PRI patterns of each emitter and the similarity
of their PRIs are such that both methods fail.

Fig. 16 represents the result of Mardia’s and PRI Trans-
form method applied to our previous signal. The calcu-
lated PRI on the Mardia’s method values visually oscillates
around 70 us. We also observe a block of PRI between 80
and 110 ps. The same results are observable in the PRI
Transform method but are less pronounced. The applica-
tion of the PRI Transform method is significantly time-
consuming due to the length of the signal; we restricted
the search for PRI values to a predefined range instead of
considering all TOA values. Despite knowing the PRI values
to detect, we failed to find the emitter’s emission patterns.
As emitters share emission patterns, using these methods to
estimate the present PRI values and detect the emitters in
this signal is unfeasible.

To facilitate understanding, HACOT and IHACOT iden-
tify the deinterleaving methods based on the 2-D and
3-D clustering developed and presented in Sections III
and IV. The methods are performed based on applying
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Fig. 18. Pulses representation in the (f,, pw,) and (¢,, g») planes
according 20% of outliers added in the initial signal.

the Kolmogorov—Smirnov test on all grouping phases, and
results are displayed in Fig. 17. The emitters have different
characteristics, and the pulses are sufficiently spread in the
plane, leading to a fast and correct deinterleaving of the three
emitters’ pulses. HACOT detects 0.01% outliers against
0.5% for IHACOT.

B. Robustness to Outliers

The performance of the methods with varying propor-
tions of outliers is evaluated. The proportion of outliers
added to the signal varies between 0 and 90%. The per-
formance criteria are averaged over 50 realizations. The
outliers were generated uniformly between the range values
for frequency and TOA. Alternatively, an exponential law
generates pulse widths and level values because it favors
the appearance of low values, making the outliers’ values
more realistic, as illustrated in Fig. 18, which represents the
previous signal in the (f,, pw,,) and (g, #,) planes with 20%
of outliers added.

The previously mentioned metrics used to evaluate the
algorithm’s performances are presented in Fig. 19. IHA-
COT is evaluated through two approaches: 1) using only
the Kolomogorov—Smirnov test for the cluster regroup-
ing phases (IHACOT-KS) and 2) by mixing the Student
test for the first grouping and the Kolmogorov—Smirnov
test for the second grouping (IHACOT-Mix). IHACOT-KS
and ICAOT-Mix give higher results, as the ARI indicates.
The better performance of these methods is due to the
3-D-clustering, which cleans the data more efficiently by
detecting outliers, leading to more reliable and stable re-
sults. The result is confirmed by the following graph: the
number of pulses classified as outliers by HDBSCAN is
higher for IHACOT-KS and IHACOT-Mix than HACOT-
KS as the outliers added in the signal increase. Moreover,
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#- HACOTKS. IHACOT-Mix

5

- *
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] »
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e
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Fig. 19. Performance of deinterleaving methods according to the
outliers rate added with ARI, number of emitters detected, part of the
signal classified by HDBSCAN as outliers, and part of outliers added in
the signal classified in the sets of pulses. Each curve identifies a method.

H LI Outliers : 20 %

Outliers : 20 %
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Time of Arrival (pss)

1000 1050 1100 2
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Frequency (MHz)

3 a
Level (dBm) 1e6

Fig. 20. Results of IHACOT with Kolmogorov—Smirnov for each
grouping phase applied with 20% of outliers added in the (f,, pw,,) and
(t,, gn) plane. Each color represents a detected emitter, and —1 is the
outliers class.

the final sets of pulses obtained from IHACOT-KS and
IHACOT-Mix are composed of fewer outliers than those
from HACOT-KS, as illustrated by the bottom-right plot,
meaning the 3-D clustering provides less noisy sets of
pulses. IHACOT-KS and IHACOT-MIX overestimate the
number of emitters detected in the signal, as shown in
the top-right plot. For our problem, we prioritized the
overestimated emitter detected rather than underestimat-
ing them and having mixed pulses in a single cluster.
IHACOT-KS and IHACOT-Mix seem more adapted to make
deinterleaving.

Fig. 20 show the results of IHACOT-KS applied on
Fig. 18. Note that some outliers corresponding to low-
intensity pulses are grouped in a set of pulses. By em-
ploying 3-D clustering, the pulses emitted were success-
fully separated, avoiding mixing pulses from multiple
emitters into one group despite adding outliers in the
signal.

C. Sensitivity to Estimation Errors

Similarly, we applied the same process to evaluate the
performance of our algorithms by varying the noise level.
The noise level in the estimated parameters of the PDW is
varied by multiplying the baseline level given in Table I with
a factor (noise coefficient) ranging from 1 to 10. Likewise,
50 simulated signals per noise level were generated in the
outliers experimentation to average the results and obtain
consistent results.
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Fig. 22. Deinterleaving results in the plane (f,, pw,,) obtained from
HACOT-KS and IHACOT-KS applied on Fig. 15 with the baseline level
multiplied by the coefficient 40.

Fig. 21 shows the evolution of previously used metrics,
averaged over 50 realizations, applied on Fig. 15 with
different noise levels. ARI is high for all methods, and
their results are similar. [IHACOT-KS and IHACOT-Mix
give better results than HACOT-KS. Methods based on
3-D clustering classify more pulses as outliers, leading
to better separation and avoiding mixing pulses in the
numerous 3-D detected clusters, as shown at the bottom.
Finally, as illustrated in the top-right plot, HACOT-KS
mixes the emitter’s pulses given a certain noise level, while
IHACOT-KS and IHACOT-Mix tend to overestimate them
slightly.

An application of HACOT-KS and IHACOT-KS is
shown in Fig. 22. The left plot represents the ground truth,
and the middle and the right plots are the results of HACOT-
KS and THACOT-KS. Each color represents an emitter
and (—1) the outliers. IHACOT-KS separates the pulses
better by applying a 3-D clustering, whereas HACOT-KS
fails to separate the pulses of the two emitters around
15.3 ns.

VI.  CONCLUSION

This article proposes two deinterleaving methods ca-
pable of managing complex emitters without considering
the PRI pattern. Hierarchical agglomerative clustering com-
bined with optimal transport distances is used to identify
emitters using several frequencies, presented agility char-
acteristics, or having multiple operation modes. Here, the
assumption is that the pulses of a given emitter, with varied

parameters, are received at similar times. The PRI is not
used, making the methods robust with respect to complex
PRI patterns. However, using frequency and pulse width in
the first clustering step is straightforward, specifically when
the listening perimeter concerns a port or an airport, and the
signal is noisy; a second approach, including preclustering
made from the TOA, frequency, and pulse width, is initiated,
to separate pulses better, before applying the previous hier-
archical agglomerative clustering using optimal transport
distances developed to overcome these limitations. The
two resulting algorithms are flexible, playing with vari-
ous hyperparameters (e.g., threshold, kernels, etc.) that are
adjusted with the datasets. Finally, simulation results have
shown the interest of the proposed methods in terms of accu-
racy. Furthermore, in addition to the robustness concerning
complex emission patterns, the proposed approaches are
also robust with respect to the estimation of the parameters
and outliers.

The deinterleaving approaches are based on accessible
and reliable features. The deinterleaving results could be
improved by including additional features, such as the
direction of arrival, which is not always accessible but
highly discriminating. A complementary algorithm could
be developed based on temporarily available features and
combined with the principal methodology to improve the
deinterleaving of a signal. The Kolmogorov—Smirnov and
Student tests only apply between two data distributions
during the hierarchical approach to prune the dendrogram,
implying that at least two emitters are present in the deinter-
leaving signal. Other tests or methods could be explored to
consider cases where the intercepted pulses correspond to
only one emitter or combine other relevant tests to improve
the pruning. The similarity between emitters strongly influ-
ences the approaches, specifically when the emitters share
common characteristics. In the electronic warfare context,
operators deliberately select listening areas; specific areas
like airports or ports are not typically favored for these activ-
ities, although these locations can potentially pick up many
emitters’ signals. Our considerations have not accounted for
scenarios where a hundred or more emitters might be within
the surveillance area but could be subject to extending this
research. During the hierarchical approach, the threshold
evaluating the significance of clusters is deliberately set
at 100, considering the results we have seen on several
signals. We are currently working on the development of a
statistical method to set this threshold more confidently. The
main idea will be to compare the distribution of the cluster,
grouping all its pulses with distributions by removing pulses
first using the Kolmogorov—Smirnov test to determine if the
original distribution is statistically different from the distri-
bution with suppressed pulses to fix the threshold and sev-
eral descriptive statistics (comparison of means, standard
deviations, kurtosis, skewness, etc.). Finally, applying the
hierarchical clustering algorithm using the optimal transport
distances assumes that the clusters belonging to an emitter
are simultaneously active, which in some instances is not
valid.
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